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Introduction. The classical theories of rubber 
ela~ticityl-~ provide a simple and at  least qualitatively 
successful explanation of the entropic elasticity of these 
materials. Their fundamental assumption is that (I) the 
elastic response of the network is composed of contribu- 
tions of the individual network strands, which may be 
treated as independent entropic springs. For moderate 
extensions these springs can be regarded as harmonic 
due to the Gaussian distribution of the end-to-end vector 
R of flexible polymers in a melt: 

(1) p(xy?Z) = p(x> p ( y )  p ( z )  

In principle, assumption I holds only for a network 
of phantom chains which may pass freely through their 
neighbors and themselves. In real networks the strands 
are impenetrable and highly entangled. The classical 
theories disregard the topological constraintslOJ1 on the 
strand conformations beyond the position fluctuations 
of the cross-links. The purpose of the present paper is 
to-to our knowledge for the first time-quantifj, the 
error introduced into the calculation of the elastic 
properties by this widely used a s s ~ m p t i o n . l - ~ J ~ J ~  
Our conclusions are based on microscopic information 

available only in a computer simulation.14J5 We use 
molecular dynamics (MD) simulations to investigate 
model polymer networks under elongational strain. This 
allows us to simultaneously determine the true shear 
moduli from the restoring forces and the classical 
prediction for these moduli from the change in the 
network strand elongations. Our analysis does not 
involve any adjustable parameters and directly tests 
assumption I. 

The experimental evidence for the validity of the 
classical approach is controversial and largely indirect. 
Classical predictions for experimental systems contain 
parameters related to the lack of microscopic informa- 
tion on (11) the connectivity of the network (i.e., the 
densities of elastically active strands @strand and cross- 
links ecross or of the cycle rank (111) the end-to-end 
distance distribution PstrandF) of the network strands in 
the unstrained state, and (rv) the change of this 
distribution upon deformation of the sample. Attempts 
to independently determine the model parameters in- 
dicated from early on that the classical theories under- 
estimate the m0du1us.l~ Computer simulations14 and 
experiments1* on end-linked model networks find that 
the shear modulus extrapolates to  a finite value in the 
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limit of infinite strand length, a result which is ir- 
reconcilable with any classical theory. Finally, SANS 
data for deuterated paths through a strained, cross- 
linked melt do not support the classical picture of 
independently relaxing network stranddg but rather the 
tube model.20 In contrast to  all these findings, there is 
a wealth of seemingly positive evidence from fitting 
experimental stress-strain curves. The constrained 
junction  model^,^-^ in particular, have been shown to 
provide an excellent parametrization of experimental 
data.21,22 Note, however, that a formally identical 
expression can be derived from the slip-link and 
that the data can often be described as well by expres- 
sions derived from tube models.24 The capability of the 
constrained junction models to  reproduce the shape of 
stress-strain curves seems therefore insufficient to 
justify assumption I. 

Randomly Interpenetrating Polymer Networks 
with Diamond Lattice Connectivity. A randomly 
cross-linked melt of linear polymers has a highly ir- 
regular connectivity. Typical defects are polydispersity, 
dangling ends and clusters, and self-loops. While these 
imperfections can be analyzed in the framework of the 
phantom mode1,12J6 they are a serious complication in 
a study of the consequences of topology conservation. 
“Chemically” defect-free polymer networks with the 
connectivity of a crystal lattice3 can only be generated 
in a computer simulation. We quench the topology from 
a state where n diamond networks with typical phantom 
network conformations interpenetrate each other ran- 
domly. The conformational statistics of the unstrained 
state are not affected by the topology quench and can 
be derived from the phantom model. 

Phantom networks collapse unless this is prevented 
by fxing the positions of cross-links on the surface2 or, 
as in this work, by introducing periodic boundary 
 condition^.^^ In our study each of the n networks is 
composed of 128 strands and corresponds to 2 x 2 x 2 
unit cells of a diamond lattice. Comparisons to systems 
corresponding to 3 x 3 x 3 unit cells did not reveal 
significant finite size effects.26 In the spirit of the 
Flory-Rehner we chose the magnitude of the 
bond vector 31 (the subscript denotes the sample elonga- 
tion ,I = 1) equal to the root-mean-square (rms) end-to- 
end distance (R2)lI2 of un-cross-linked strands in a melt. 
For Gaussian chains eq 1 holds for Pstrand(?) due to the 
symmetry of the diamond lattice. It is convenient to 
consider Pstrand(x), etc., for each Cartesian component 
separately. 

For a regular phantom network the mean positions 
of the cross-links are identical to  the lattice sites.3 Each 
strand has the same, nonzero mean extension equal to 
the bond length of the lattice; Le., the distribution of 
the mean strand end-to-end distances is given by 

(1/ 3)1T1 1 .  Note that in order to determine this distri- 
bution for a randomly cross-linked melt it is necessary 
to know @strand and ecross or equivalently the cycle rank 
5.4,28 In a phantom network with four-functional cross- 
links the strand extensions fluctuate around their mean 

pstr?(x) mean = ‘/2(6(~ - X I )  + 6 ( ~  + XI)) with XI 
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Table 1. Strand Length, Total Number of Particles, 
Energy per Particle in the Strained and Unstrained 

State, and the Measured, Classical, Phantom, and Affine 
Shear Moduli for the Systems under Investigation 

values by an amount of A2 = 1/2(R2)1/2.4,28 For our 
particular choice of the lattice constant we expect for 
the vector A1 _of fluctuation widths in the three spatial 
dimensions lA1I2 = l/217:1I2. The strand end-to-end 
distance distribution at any particular instant in time 
is given by the convolution of &;:$(x) with the nor- 
mally distributed  fluctuation^,^ yielding a superposition 
of two symmetric Gaussian peaks of width A h  = 
(l/&)l&l around XI: 

For future reference we note that the entropy density 
of an ensemble of strands with a distribution (3) is given 
by 

Classical Predictions for the Shear Modulus. In 
the following we will discuss the predictions of the 
phantom and the affine model for the elastic response 
of diamond networks to a simple, volume-conserving 
e l ~ n g a t i o n . ~ ~  The more sophisticated constrained junc- 
tion modeW9 interpolate between these two limits. 

In the phantom m0de1~-~ the fluctuations are strain 
independent and only the mean positions and distances 
of the cross-links change affinely with the outer dimen- 
sion of the sample, i.e., 72 = 271 and AA = AI. The normal 
tension o in the sample introduced by the deformation 
is calculated from the change in the free energy density 
for the ensemble of network strands: 

(7) 

Equations 5 and 6 describing the mechanical behavior 
with a single parameter, the shear modulus G, hold 
generally for the small strain limit of all classical models 
and are well established by experiments.l The particu- 
lar value for the phantom model prediction Gph of the 
shear modulus (eq 7) is characteristic for our diamond 
networks. 

is to assume 
that their main effect is a partial suppression of the 
junction fluctuations compared to the phantom model. 
Ultimately, this ansatz leads to the affine mode1,l which 
therefore constitutes an upper limit for the modulus 
predicted from a classical theory. In this model junction 
positions (and hence their distances and PstrandF))  
change affinely with the outer dimension of the sample. 
F3r our particular systems this means F;, = 271, A i  = 
IZA1 and 

The classical view of 

12 8000 2.4700 2.4704 0.100 f 0.003 0.068 0.072 0.100 
26 23744 2.4675 2.4672 0.060 i 0.003 0.038 0.035 0.051 
44 51264 2.4662 2.4660 0.041 i 0.002 0.027 0.020 0.029 

The ratio GadGph = 3/2 is an artefact of our choice of 
(R2)l12 for the bond length of the diamond lattice. In 
general, for an f-functional lattice one recovers the 
standard relation Gaff/Gph = f l c f  - 2) by setting 712 = [cf 
- 2)/f(R2). 

The Simulation Model. We use the same coarse- 
grained model as in earlier investigations of polymer 
melts and  network^.'^,^^ The polymers are modeled as 
freely jointed bead-spring chains of uniform length N. 
There are two types of interactions, an excluded-volume 
interaction, ULJ, between all monomers and a bond 
potential, UFENE, between chemical nearest neighbors. 
ULJ is a truncated Lennard-Jones potential. With E and 
o as the U units of energy and length, we work at a 
temperature kBT = l e  and at a density = 0 . 8 5 ~ ~  as 
in the other studies. The unit of time is z = a(m/E)1/2 
with a monomer mass m = 1. The average bond length 
is 1 = 0.970 and (R2)(N, FZ 1.712N. Topology is conserved, 
and the dynamics is dominated by the melt entangle- 
ment length, Ne = 35 monomers, and the Rouse time, 
T R ~ ~ ~ ~  X 1 . 5 W ~ . ~ ~  We carried out MD simulations where 
the system was weakly coupled to a heat bath and 
integrated in time steps of 0 . 0 1 ~ .  The program was 
vectorized for the Cray YMP along the lines of the grid 
search a l g ~ r i t h m . ~ ~  

The N-monomer strands were cross-linked by four- 
functional monomers into networks with the connectiv- 
ity of a diamond lattice and placed in a commensurable, 
cubic simulation box with periodic boundary conditions. 
The density of elastically active strands is given by 
@strand = @/(N + 1/21. The bond length of the diamond 
lattice was set to (R2(N + 1))112 of the melt chains.27 The 
diamond networks were prepared and relaxed as phan- 
tom networks with the correct melt persistence length.14 
To reach melt density, we superimpose n - Wi2 dia- 
mond networks in the simulation volume. As in real- 
istic systems there are on the order of N112 cross-links 
in the volume of one chain. The excluded-volume 
interaction is switched on slowly to build up the 
monomer packing and eventually quench the topology. 
Note (a) that it is topology conservation and not the the 
screened excluded-volume interaction that causes the 
deviations from the classical b e h a v i ~ r ~ ~ , ~ ~  and (b) that 
due to the regular network structure the longest relax- 
ation times in the system are expected to be on the order 
of the Rouse times of the strands. 

We have investigated systems with strand lengths N 
= 12,26, and 44 (Table 1). The system sizes range from 
8000 to 51 264 particles with n = 5, 7, and 9 subnets. 
The same samples were simulated first in the un- 
strained state and subsequently elongated29 by typically 
50%. Deformations were implemented as aAskort se- 
quence of small step changes in the metrik ITA at the 
beginniqg of the runs. We measured the pressure 
tensor, P, and watched the relaxation of the normal 
tension (i = P, - l/2(P, + Pzz) to  a plateau value (inset 
in Figure 1). The stress relaxation was completed after 
a period of about 2ZRouse compared to our overall simda- 
tion times on the order of l 0 t ~ ~ ~ ~ ~ .  For our largest 
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Figure 1. Stress-strain relations for stretched model net- 
works: N = 44 (01, N = 26 (+), N = 12 (0). The inset shows 
the stress relaxation after a step deformation. The corre- 
sponding data point in the full figure is marked by the dotted 
e. 
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Figure 2. End-to-end distance distributions of network 
strands for N = 44 in the unstrained (0) and strained states 
(I1 0 and I A). For comparison we have included data from 
the phantom runs before the introduction of the excluded- 
volume interaction (*). Distances are measured in units of the 
diamond lattice bond length. We have indicated the (affinely 
displaced) positions of the Gaussian peaks by horizontal lines. 
Note that the maxima of the curves have slightly different 
locations due to the superposition of peaks at frl. 
systems this is equivalent to 8 x 1O1O particle updates. 
Data from the initial relaxation period were discarded 
for the analysis of conformational properties. 

Shear Moduli of Purely Entropic Origin. Shear 
moduli were determined from the plateau values of the 
normal tension, which is equivalent to measuring 
restoring forces in stretching experiments. Figure 1 
shows that our systems follow the typical stress-strain 
relation (6) for rubberlike materials. This allows us to 
determine the shear moduli G listed in Table 1 with 
high accuracy from the slope of a straight line. Since 
the internal energies in the strained and in the un- 
strained state are identical (Table 11, our systems are 
ideal model rubbers with purely entropic elasticity and 
a valid test case for the foundations of rubber elasticity 
theory. 

Strand Elongations. Figure 2 shows examples of 
the observed end-to-end distance distributions pstrand- 
( X I ,  etc., for strained and unstrained samples. In all 
cases our data are well described by the superposition 
of two symmetric Gaussian peaks (eq 3). Fit parameters 
are listed in Table 2. 

Note first that in the unstrained state the distribu- 
tions are indeed identical for runs with and without 
excluded-volume interaction and topology conservation. 
The peak positions are identical to  the chosen bond 
lengths of the diamond lattice. For longer chains we 
gbserve the expected values for the distribution width 
A, while the 10% discrepancy in the N = 12 case 
indicates deviations from the ideal Gaussian behavior. 

For strained samples the strand elongations change 
as pictured by the constrained junction models. The 

Table 2. Fit Results for the Description of the 
End-to-End Distance Distribution by Equation 3 

peak 'i. width 2 
N A =  1.0 1.5 1.0 1.5 
12 X 2.71 4.34* 1.64 1.78* 

Y 2.70 2.11* 1.70 1.63* 
2 2.69 2.13* 1.69 1.51* 

26 X 3.87 5.84 2.62 3.27 
Y 3.83 3.10 2.55 2.28 
2 3.81 3.11 2.72 2.37 

44 X 4.92 7.41 3.42 4.58 
Y 4.92 4.07 3.41 2.95 
2 4.91 4.02 3.34 3.04 

a The results forN = 12 marked by asterisks refer to runs with 
1 = 1.6. 
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Figure 3. Strand-length dependence of the shear modulus 
normalized to the phantom model prediction Gph (eq 7). The 
filled symbols represent the measured values G/G,h, and the 
open symbols indicate the classical prediction Gclas$Gph. G,$ 
Gph = 3/2 (eqs 7 and 8) is the upper limit for any classical 
theory. 

peak po_sitions transform affinely. The distribution 
widths Ai show a behavior intermediate between the 
phantom and the affine model limits, with a tendency 
toward the affine limit with increasing strand length 
N .  
Comparison of Measured and Predicted Moduli. 

The parameter-free classical predictions Gclass for the 
shear moduli of our systems follow from differences in 
the strand elongations between the strained and un- 
strained state. In the framework of the classical 
theories these differences correspond to an entropy 
change that can be calculated from eq 4 using the 
parameters from Table 2. Gclass follows from eq 5 .  Our 
results for Gclass, Gph, Gaff, and the true modulus G are 
listed in Table 1. A comparison shows that the true 
change in entropy in a deformed network with conserved 
topology is significantly larger than that calculated fiom 
the strand elongations alone. In Figure 3 we have 
plotted the ratios of G/Gph and GclasJGph versus the 
inverse strand length 1/N. The value GadGph = 3/2 (eqs 
7 and 8) indicates the upper limit for a classical theory. 
The figure illustrates that the constrained junction 
models correctly anticipate the crossover of Gclass toward 
the affine limit for large strand lengths. However, they 
do not provide a reliable approximation for the true 
modulus G. For example, for N = 44, G >> Gag > Gclass 
and the observed increase of the modulus due to 
topology conservation from Gph is 3 times larger than 
expected from the classical ansatz. 

Moduli for Large Strand Lengths. A rough esti- 
mate yields G(N--+=) = 0.018 +Z 0.03 E/$ ,  compatible 
with recent simulation results for end-linked melts.14 
This suggests that the nonclassical effects (a) are of 
similar origin in both systems, (b) dominate for large N 
with limN-, G/Gclass - -, and (c) cannot be explained 
by the recently developed constrained chain 
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which predicts a maximal shear modulus of 3G,h for 
tetrafunctional networks. 

Summary and Conclusion. The classical theories 
of rubber ela~ticityl-~ are based on the assumption that 
the elastic response of the network is a single chain 
effect, due only to the elongation of the network strands. 
We have tested this assumption in molecular dynamics 
simulations of model polymer networks with conserved 
topology under elongational strain. We found (a) that 
macroscopically our systems behave as ideal model 
rubbers with a purely entropic elasticity and exhibit the 
classical stress-strain relation (61, (b) that microscopi- 
cally the changes in the strand elongations upon defor- 
mation of the samples show the behavior anticipated 
by the constrained junction models, but (c) that the true 
shear moduli G of the networks are significantly larger 
than the classical predictions Gclass calculated from the 
strand statistics alone. We conclude that, contrary to 
the Flory view, the contribution of topological constraints 
to the shear modulus of polymer networks cannot be 
estimated from the reduction of the junction fluctuations. 
We believe that computer simulations will be crucial in 
the development of a more complete theory of rubber 
elasticity, be it based on topological 
slip  link^,^^-^' or the tube m ~ d e l . ~ ~ - ~ O  The interpreta- 
tion of the topology contribution G - Gph t o  the modulus 
in terms of discrete loop  entanglement^^^ will be the 
subject of a forthcoming publication. 
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